Dynamical analysis of the X resonance contributions to the decay J/ψ → γX → γφφ.
The dynamics of the J P C = 0 −+ , 0 ++ , and 2 ++ resonance contributions to the decay J/ψ → γX(J P C ) → γφφ is analysed using the data obtained by BESIII collaboration. The effective coupling constants parameterising invariant amplitudes of the transitions J/ψ → γX(J P C ) and X(J P C ) → φφ and masses of X(J P C ) resonances are found from the fits. They are used for evaluation of the branching fractions B X(J P C )→φφ , relative branching fractions B J/ψ→γX(J P C )→γφφ , and for obtaining the photon angular distributions. 
I. INTRODUCTION
The interest in the decay J/ψ → γφφ [1] [2] [3] [4] is related with the possible existence of the exotic glueball state decaying into the φφ pair [5] [6] [7] [8] . The spin-parity quantum numbers of the resonance states decaying into φφ are reported to be J P = 0 + , 0 − , and 2 + [3, 4, 9] . The partial wave analysis of the φφ system was performed in Ref. [4] based on the model with the coherent sum of the Breit-Wigner amplitudes with the constant widths,
As is pointed out in Ref. [4] , the process J/ψ → f 1 (1285)φ → γφφ can be neglected because of its small branching fraction, hence the diagram for the decay J/ψ → γφφ shown in Fig. 1 is assumed to be dominant.
However, the dynamics of the decay chain J/ψ → γX(J P ), X(J P ) → φφ is relatively simple only in case of the pseudoscalar resonance admitting the single contribution with the unit orbital momentum in both above vertices. In general, one should include the different spinorbital momentum structures for different spin-parities of the X(J P ) resonances in the φφ system, especially * kozhev@math.nsc.ru in case of the tensor contribution J P C = 2 ++ where a number of independent spin structures enter the amplitudes of transitions J/ψ → γX(2 + ) and X(2 + ) → φφ. So it is reasonable to reanalyze the data of Ref. [4] in the model with the energy-dependent partial φφ width in order to extract the magnitudes of the effective coupling constants parametrizing the effective invariant amplitudes of the above transitions. This is the goal of the present work. The data [4] will be described here by taking, as the starting point, the effective amplitudes in the invariant form parametrized by some unknown constants. Then their three-dimensional counterparts will be written which take into account the condition of the three-dimensional transverse character of the final photon polarization vector. The three-dimensional form simplifies considerably the derivation of expressions for the φφ mass spectrum and angular distributions.
The kinematic notations are the following. The four-momenta assignment is
are, respectively, the polarization four-vectors of the J/ψ meson and φ mesons (their 3-dimensional counterparts in their respective rest frame); e µ = (0, e) stands for the polarization four-vector of the photon, ǫ µνλσ is the Levy-Civita tensor. The energy-momentum 4-vector of the φφ state in the J/ψ rest frame is q = (q 0 , q),
where n stands for the unit vector in the direction of the photon, and m 12 is the invariant mass of the φφ pair. In turn, the energy-momentum of one of the φ mesons,
with n 1 being the unit vector in the direction of the motion of the φ meson.
The subsequent material is organized as follows. In Sec. II, the parametrizations of invariant amplitudes and their three-dimensional counterparts are given, together with the expressions for partial widths. Section III is devoted to presenting the results of fitting of the different partial wave contributions to the φφ mass spectrum. The discussion presented in Sec. IV concerns the consistency of the fits, together with the concluding remarks. The J/ψ → γX(J P ) → γφφ amplitudes in terms of the independent helicity amplitudes in the J/ψ → γX(J P ) vertex are given in the Appendix.
II. AMPLITUDES AND PARTIAL WIDTHS
First, let us write the amplitude of the decay J/ψ → γX → γφφ assuming, for a while, the single intermediate resonance X. Schematically, the method of evaluation of the amplitudes adopted in the present work is as follows. In the case of the X resonance with spin zero and two one has, respectively
where D X stands for the inverse propagator of the X resonance. See Eq. (3.3) below. The polarization tensor T µν ≡ T Correspondingly, the invariant amplitude of the decay X(0 + ) → φφ and its three-dimensional form in the X rest frame look as follows:
where
As is evident from these expressions, f correspond to the assignment (S, L) = (0, 0) and (2, 2), respectively, of the spin S and orbital angular momentum L of the φφ state. The energy-dependent partial widths look like
The dynamical content of the J/ψ → γX(0 + ) → γφφ component of the φφ spectrum will be specified below in subsection III B.
The invariant amplitude of the transition J/ψ → γX(2 + ) and its three-dimensional form are the following:
where c 1,2,3 are, in principle, the functions of the invariant mass m 12 . For nothing better, we assume them to be some, in general, complex constants;
14)
In turn, the invariant amplitude of the decay X → φφ and its three-dimensional presentation in the φφ centerof-mass system look as follows:
Here,
Again, the indices at the quantities in the left-hand side of these equations refer to the possible spin-orbital momentum assignments (S, L) = (2, 0), (0, 2), (2, 2), and (2, 4) of the φφ state. The sum over polarizations of the intermediate tensor resonance is fulfilled with the help of relation
The modulus squared of the amplitude M ≡ M J/ψ→γX(2 + )→γφφ summed over polarizations of final particles can be represented in the following form suitable for subsequent integrations over final states:
) is given by Eq.(3.3),
The φφ mass spectrum in the decay J/ψ → γX(2 + ) → γφφ can be written as
Note that the polarization state of the J/ψ meson is kept fixed for a while. Since in terms of quantities designated by square brackets in Eq. (2.20) the partial widths of the decays J/ψ → γX(2 + ), X(2 + ) → φφ look, respectively, like
then the φφ mass spectrum in the decay J/ψ → γX(2 + ) → γφφ in case of the single intermediate resonance can be written in the standard form:
Taking into account of a number of interfering resonances with given spin-parity demands the modifications analogous to those discussed in subsections III A and III B.
III. RESULTS
When fitting the data Ref. [4] , the coupling constants characterizing invariant amplitudes Eqs. (2.3), (2.4), (2.9), (2.10), (2.13), and (2.15) are assumed to be real. Nonzero imaginary parts would point to the dynamical effects related with the re-scattering of the final φ mesons [10] . The quantitative inclusion of these effects would require the introduction of multiple additional parameters such as coupling constants of the exchanged particles with φ mesons, the slope parameters characterizing the above exchange etc. This seems to be premature with the present accuracy of the data.
A. Pseudoscalar resonance contribution
The expression for the J P C = 0 −+ resonance component of the spectrum averaged over λ J/ψ = ±1 with the help of Eq. (2.8) is
where N is unknown overall normalization factor. Three intermediate resonances were included in the partial wave analysis of Ref. [4] to describe the partial wave with J P = 0 − . We designate them as X 1 = η(2225), X 2 = η(2100), and X 3 = X(2500). Since the case of pseudoscalar resonance X is kinematically simple, we consider two models for the amplitude.
(i) The model A. It allows for inclusion of the mixing of the above three resonances via their common decay mode φφ in the form used earlier in Ref. [11, 12] :
Let us specify the elements of the matrix of inverse propagators in Eq. (3.2). The main goal here is to analyze the φφ decay mode of the X resonances. However, another decay modes are feasible. We will assume that φφ is the only common decay mode and take its energy dependence in D i , Π ij explicitly (i, j = 1, 2, 3), while other decay modes will be effectively taken into account in the fixed width approximation, Γ ′ Xi =const. Specifically, the inverse propagator of the resonance X i is assumed to be
The polarization operator Π ij responsible for the mixing looks as follows:
Here, ImΠ ij is fixed by the unitarity relation while ReΠ ij , in principle, can be evaluated through the dispersion relation. However, taken literally, the dispersion integral is divergent due to the fast growth with energy of the X(0 − ) → φφ partial width, and one should introduce the phenomenological suppression factor parametrized by some unknown constant, in order to make the integral finite. We take here the practical attitude and assume that ReΠ ij are some constants, a 12 ≡ ReΠ 12 , a 13 ≡ ReΠ 13 , and a 23 ≡ ReΠ 23 to be determined from the fit.
(ii) The model B corresponds to the vanishing mixing, by taking Π ij ≡ 0, that is, A (0 − ) is given by the coherent sum of the energy dependent Breit -Wigner terms.
The fitted parameters are the following:
, in both models A and B, and three additional parameters a 12 , a 13 , and a 23 in the model A. The results are presented in the Table I , together with some branching fractions evaluated with the found parameters. To be specific, evaluated are the X i → φφ branching fractions:
The answer depends on upper integration limit m max .
Since the data of Ref. [4] refer to the interval 2m φ < m 12 < 2.7 GeV, we take here m max = 2.7 GeV. The branching fraction B J/ψ→γXi→γφφ , in general, cannot be represented in the form B J/ψ→γXi→γφφ = B J/ψ→γXi × B Xi→φφ , due to the large widths of the resonance X and (or) to the strong energy dependence of the partial width. The general expression is
It reduces to the mentioned factorization in the narrow width approximation. Furthermore, because the overall normalization factor N is unknown, only the quantities N Γ J/ψ B J/ψ→γXi→γφφ , i = 1, 2, 3, and
are presented, not the absolute branching fractions. One can evaluate the role of interference, 
0.227 ± 0.002 0.189 ± 0.002
0.136 ± 0.0050 0.118 ± 0.005
(1.03 ± 0.08) × 10
0.51 ± 0.01 0.34 ± 0.01
The results of analysis of the J P = 0 − partial wave contributions in the models A and B are plotted in Figs. 2 and 3 , respectively. One can see that the total contribution looks the same in both models, but the components corresponding to the resonances η(2225), η(2100), X(2500) and their interference are different. A comparable values of χ 2 /n d.o.f. in the models A and B show that these models cannot be distinguished with the present accuracy of the data. Taking into account the present feature of the fit we will make further treatment in subsection III B in the model B neglecting the mixing in situation when more that one resonance is required for the description of the data.
B. Scalar resonance contribution
The first attempt to describe the J P C = 0 ++ resonance component of the spectrum uses the single resonance contribution given by the expression Using Eq. (3.9) one obtains that
One can see that the fit with the single scalar resonance is poor. A better fit is obtained when adding the second 0 + resonance. To be specific, we neglect the mixing of the X 1 (0 + ) and X 2 (0 + ) analogously to the model B of the pseudoscalar contribution considered in subsection III A. The expression for the J P C = 0 ++ resonance component of the spectrum averaged over λ J/ψ = ±1 to be fitted is taken in the form 11) where N is the same unknown overall normalization factor as in Eq. (3.1). The amplitudes A 0 and A 2 are constructed using Eqs. (2.11), (2.12), and (3.9) and look as follows:
Here, the third index i = 1, 2 in f 00i and f 22i , i = 1, 2, is introduced to designate the X i (0 + ) contribution and are looking the same as in Eq. (2.11). In total, there are 10 fitted parameters: m Xi , Γ For quantities characterizing the decay chain J/ψ → γφφ one obtains (3.14) and
and the interference is I = 6 ± 7. The results of both fits described in this subsection are presented in Fig. 4 .
C. Tensor resonance contribution
In this case, one finds from Eq. (2.21) that Note that the fitted parameters of the single 2 + contribution are m X(2 + ) , Γ ′ X(2 + ) , c 1,2,3 , and g 1,2,3,4 , in total nine free parameters. Taking into account three 2 + contributions, as is made in Ref. [4] , requires 27 free parameters. So, having in mind a limited statistics of the data, we try to describe the 2 + component with the single tensor resonance with the help of parametrization 
The contribution of the 2 ++ resonance to the J/ψ → γφφ spectrum evaluated with these parameters is shown in Fig. 5 . One should emphasize that the convergence to the minimal χ 2 with the above parameters is very slow. In all appearance, this is due to the complicated dynamics of the 2 ++ partial wave contribution demanding nine free parameters entered in the nontrivial combinations corresponding to the given spin and orbital angular momentum of the γX(2 + ) and φφ systems. [See Eqs. (2.14) and (2.16)]. So, in view of a limited accuracy of the present data, it seems to be prematurely to take into account three tensor resonances in the full dynamical form to describe the above contribution.
The results of the fits of the considered resonance contributions to the φφ mass spectrum of the decay J/ψ → γφφ are summarized in Fig. 6 .
IV. DISCUSSION AND CONCLUSION
Let us compare the resonance parameters such as masses and widths found in the present work, with the values given in Refs. [4] and [9] . To this end, one should have in mind the following. The compatible with zero values of the widths Γ ′ X(J P C ) given in (3.10), (3.13), and (3.17) refer to the contributions of the final states other than the φφ. The latter is taken into account explicitly, with the energy dependence of the contributions of various partial waves in the J/ψγX(J P C ) and X(J P C )φφ vertices. In the meantime, the parameters cited in Refs. [4] and [9] were obtained in the fixed width approximation similar to Eq. (1.1). Hence the correct comparison of the results of the present work with the above references requires the evaluation of the effective resonance peak positions and widths. A rough estimate can be obtained upon neglecting the resonance peak distortion due to the effects of the phase space volume. This can be made with help of Figs. 2, 3, 4 , and 5 by evaluating the width at the half of height of the resonance peaks. In the case of the pseudoscalar resonances (in both models A and B of subsection III A) one finds the peak positions m X1(0 − ) ≡ m η(2250) ≈ 2260 MeV, m X2(0 − ) ≡ m η(2100) ≈ 2120 MeV, and m X3(0 − ) ≡ m η(2500) ≈ 2480 MeV while the effective widths are
MeV, and Γ X3(0 − ) ≡ Γ η(2500) ≈ 400 MeV. Within one or two magnitudes of the experimental uncertainty they agree with the values given in Ref. [4] . When fitting the scalar resonance contribution, the first one designated here as X 1 (0 + ), has the effective peak characteristics which, within the experimental accuracy, agree with those of the resonance f 0 (2100) observed in Ref. [4] . The second one, X 2 (0 + ), included here to achieve the better description of the data, is new. However, taking into account rather large experimental error bars in this sector, see Fig. 4 , the latter conclusion should be treated as preliminary. The data with improved statistics could resolve the issue. The effective characteristics of the tensor resonance obtained here agree with those of f 2 (2340) cited in Ref. [9] . Let us check the consistency of the fits. First, one can evaluate the sum dN dm 12 = dN
and plot the result to compare with the data [4] . The results are shown in Fig. 7 . For comparison, also shown are the curves corresponding to the specific J P C contribution. One can see that the contributions with different quantum numbers J P add incoherently as they should. The formal reason is briefly explained in Appendix.
Second, using expressions for the amplitudes, one can obtain the expression for the angular distribution of final photons in the decay J/ψ → γφφ. One has Table I and by Eq. (3.14), respectively, and 
, one obtains the angular distribution normalized to unity. Multiplying the obtained expression by the area under the experimental histogram in Fig. 8 one gets the curve shown with the solid line in Fig. 8 . So, one can see that without separate fitting of the total spectrum Eq. (4.1) and the photon angular distribution Eq. (4.2), their evaluated magnitudes agree with the data. The above evaluations support the consistency of the fits of the separate resonance contributions.
Some concluding remarks are in order. The dynamical analysis of the resonance contributions to the J/ψ → γX → γφφ decay amplitude is presented based on the effective amplitudes of the transitions J/ψ → γX and X → φφ. The X-resonances with the quantum numbers J P C = 0 −+ , 0 ++ , and 2 ++ are taken into account to describe the φφ mass spectrum in the decay J/ψ → γX(J P C ) → γφφ studied by BESIII collaboration [4] . Two models, with and without mixing of three X(0 −+ ) resonances, are considered when fitting the pseudoscalar component of the spectrum. It is shown that both above models give satisfactory description of the data, hence one cannot distinguish between them with the present accuracy of the data. The scalar component of the φφ spectrum is better described in the model with two scalar resonances. Surprisingly, the tensor component requires only one resonance, because the non-trivial behaviour shown in Fig. 5 at the left shoulder of the resonance peak is due to the dependence on the φφ invariant mass of the contributions with given spin and orbital angular momentum in the X(2 ++ ) → φφ vertex. Masses and effective coupling constants parametrizing invariant amplitudes are extracted from the fits and used for evaluation of branching fractions. The consistency of the fits is supported by the evaluation of the incoherent sum of the 0 −+ , 0 ++ , and 2 ++ resonance contributions to the φφ mass spectrum of the reaction J/ψ → γφφ and of the angular distribution of the final photons. Their calculated magnitudes are shown to agree with the data Ref. [4] .
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Appendix
It is well known that the helicity selection rule λ J/ψ = λ γ − λ X leaves only one independent helicity amplitude for zero spin of X resonance and three helicity amplitudes in case of the spin two resonance, in the J/ψ → γX(J P ) transition amplitude [13] . So let us give the expressions for the spin structure of the amplitudes J/ψ → γX(J P ) → γφφ in terms of the helicity ampli-
λ J/ψ ,λγ ,λX of the decay J/ψ → γX(J P ). They are necessary for checking the fact that the distinct J P contributions to the J/ψ → γφφ mass spectrum do not interfere. For the sake of simplicity, the single intermediate X(J P ) resonance will be assumed. The helicity amplitudes of the decay J/ψ → γX(J P ) are calculated from Eqs. where g 02 , g 20 , and g 12 are given by Eq. (2.14). Then one gets the following expressions for the J/ψ → γX(J P ) → γφφ transition amplitudes: Here, the amplitudes f The direct calculation of the final probability distribution shows that, when summed over polarizations of the final φ mesons but keeping fixed their direction of motion, the vanishing are the interference terms of the contributions with opposite parities. In turn, the (0 + − 2 + ) interference term being proportional to n 1k n 1l − δ kl /3, vanishes after the integration over phase space of the φ mesons because the averaging over the φ meson direction of motion results in the relation
Hence, all the considered J P C = 0 −+ , 0 ++ , and 2
++
contributions to the φφ mass spectrum and to the photon angular distribution in the decay J/ψ → γφφ do not interfere and are added incoherently. This conclusion agrees with the experimentally verified fact. See Table II in Ref. [4] 
